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Let K/ denote the commutative unital ring of Colombeau's full generalized numbers. This ring can be endowed 
with an ultra-metric in such a way that it becomes a topological ring. There are many interesting question about 
K/ in the framework of Commutative Algebra and General Topology as well as of the superposition of these 
two subjects. The purpose of this paper aims to give an initial step toward the study of this ring. 



Introduction 

In what follows K will denote either M or C and Kf will denote the commutative ring of Colombeau's full 
generalized numbers. Recently, Aragona and Juriaans (see H) developed algebraic and topological methods 
to study the ring of the simplified algebra of Colombeau generalized numbers K (see [4J). Understanding the 
algebraic and topological properties of K is important because a generalized function can be considered to be an 
C°° function defined on a subset of K as shown in fl |. 

The purpose of this paper is to give a contribution to the study of the algebraic and topological properties 
of K/. In Section [U we collect the basic definitions, results and notation that will be used in the throughout 
the paper and as a rule most of the proofs are omitted. In Section |2] we present our first results most of them 
being extensions of results of Aragona- Juriaans. In Section [3] we present a more accurate look at the structure 
of the maximal ideals of K/ based on two basic tools. First, a careful analysis of the set of the representatives of 
elements of Ky. Second, the introduction of a set 5/ of subsets of the domain ^o(K) of the representatives of 
elements of K/. The set Sf plays the "role" of the set S in the article of Aragona and Juriaans (see Definition 
4.1 in |4|). The family {Xa} {A £ Sf) of elements of K/, where Xa is the characteristic function of A, is very 
useful to the study of a number of interesting properties one of them being that the unit group K/ is dense. We 
also derive several characterizations of the units of K / as well as a complete description of the maximal ideals 
of K/. The description of the prime ideals of appears to be more complicated than that of the maximal ones. 
Nevertheless we obtain a first step in this direction. Finally, in Section, |4]based in the work of Aragona, Juriaans, 
Scarpalezos and Oliveira Q we study order relations on which is used to continue with the study of the 
algebraic properties of K/. Indeed, we describe completely the minimal primes and show that Kf is not Von 
Neumann regular 

1 The sharp topology on 

In this section we recall some basic definitions and results about Kf with the purpose of fixing the terminology. 
As a rule, the proofs are be omitted. 
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Notation 1.1 5ome notations necessary in this work 
(a) / :H0, 1], T := [0, 1] e i^O, r;[, V 7/ G /. 
(6) A\B := {a e A\a ^ B}. 

(c) Q, denotes the field rational numbers. 

(d) K, denotes the field of real (or complex) numbers, i.e., R(orC). 

(e) K* :=K\{0}. 

(/) N, Z, stands respectively for the set of the natural numbers and the set of integers. 
N* := N \ {0} and Z* Z \ {0}. 

[g) K* :=K\{0}. 

{h) M+ {x e R\x > 0} e M:; := {x e R\x > 0}. 
(i) K, denotes the ring of Colombeau 's simplified generalized numbers. 

(j) Aa{M.) := {if eV{R)\ if{x)dx ^ I, Lp is even and (f = const, em Vq}, where Vo is a neighborhood 
of the origin. 

{I) Aq{M.) 1^ e y^oWl /(,°°2;-(^(x)dx = 0, para 1 < j, m < g|, where q e K 

(m) r := {7 : N ^ M+|7(n) < j{n +1), V n G N flnd lini„_,oo "/(n) — 00} w f/ze set of the strict increasing 
sequences diverging to infinity when n — s- 00. 

Definition 1.2 Let f/(K) be the ring (pointwise operations) of the functions v ; y^o(IK) K. Let £^y^(K) 
denote the subring of £f{K) of those functions v satisfying: 

(M) 3p eN such that V ip e Ap{K), 3C = C^>0, 3 i] = t]^ > such that 

Ivi'fe)] < Cs-P, VO < £ < 77. 

These are called moderate functions. 

Let r be as in (m) and define A/'/(K) the ideal of 8^ (K.) of those functions v satisfying: 

(N) 3p eN, 37er such that M q>p eM ip e Aq{K), 3 C = > 0, 3 77 = r/^^ > such that 

\v{ip,)\ < C£'^(«)-P, VO < e < 77. 

These are called null functions. 

The ring of the Colombeau's full generalized numbers is defined as = £^'^ (K}/jVf(K). 

There exists a natural embedding of K into K/ (induced by the map v 1-^ (ip 1-^ v) and so write K C K/ 
makes sense. Hence is a unital commutative K-algebra. The following definition is well known (see 161). 

Definition 1.3 An element v IKf is associated to zero, v ~ 0, if for some (hence for each) representative 
{v{ip))^ of V we have: 

3 p e N such that lim v{ipir) = 0, V e Ap{K). 

ei.0 

Two elements vi,V2 G are associated, Vi ~ V2, if Vi — V2 ~ 0. If there exists some a G K with v a, then a 
is called associated the number or shadow of v. 
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We denote by Inv(K/) the set of units ofKy and clearly K* is a subgroup of the multiplicative group Inv(K/). 
Another interesting subgroup of Inv(K/) is H := {dr|r S M}, where ar{f) '■— diam(supp((/3))'' or dr(</j) := 
{i{if)Y , where i denotes the diameter of G y^o(K). In particular, it is easy to see that 

ar{v,)^e-{i{^)r. (1) 

For r G M, cxr :]0, 1] M+ is defined by ar{e) . It is convenient to define fij. := d_ log(r)- By O we 
have that dr(¥'e) — Cir{e){i{'^)Y ■ 

We now briefly describe the sharp topology on (see |l2]). 

Definition 1.4 For a given x we set 

A(x) := {r e M.\arX « 0} 

and define the "valuation" of x by 

Y{x) -.^ sup(A(a;)). 

The following results are easily deduced. 

Lemma 1.5 Let a; G Ky. Then r G A(a;) if, and only if there exists p G N such that 

VmYe-''x{Lp^) = 0, V (/3 G Ap{K). 

Proposition 1.6 For x,y £ £*^(K) and A G K, we have: 
(i) V(Ax) = V(a;) ifX ^ 0; 
(m) V(a;y) > V(.x) + V(y); 
{Hi) Y{arx) = r + Y(x) for each r G M; 
(it;) V(a; + y) > inf{V(2:), Y{y)}; 
(v) V{x) ^+oo4^xe A/>(K); 

(vi) V is constant on each equivalence class modulo Aff(K), i.e., V{x + y) = V x G £*^(K) anrf 

y gAO'(K). 

It follows that £> : K/ X K/ ^ M+ defined by 

D{x, y) := exp(- V(a; - y)) 

is a metric. In fact it is an ultra-metric on K/ invariant under translations. 

D determines a uniform structure on called the sharp uniform structure on K/ and the topology resulting 
from D is called the sharp topology on K/ and denoted by Tgf. 

Notation 1.7 Let x G K/ and r G M'j_. /n what follows Br{x) (resp. B'^{x) and Sr{x)) denotes the open 
D-ball ( resp. closed D-ball and D-sphere) with center at x and radius r. In case x = Owe omit it in the notation, 
writing Br, B'^ and Sr. For the sake of simplicity we define \\x\\ := D{x, 0), V x G and the distance between 
two elements x,y G M.f by d{x, y) :— \\x — y\\. 

The following result is a direct consequence of Proposition ! 1 .6l and of the definition of D. 

Corollary 1.8 For given x, ?/ G K/, r G M, .s G M*^ and a, 5 G K we have: 

[i) \\x + y\\ < max{||x||, 112/11} one/ < ||y||; 
(m) ||a;|| = Q ^ X = 0; 
{lit) \\ax\\ = \\x\\,ifa^O; 
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(iv) \\arx\\ = e '''\\x\\ and \\(3sx\\ = s||a;||; 
{v) \\a\\ = 1, if a ^ 0; 
(vi) ||a — 6|| = 1 — 5ab {Kronecker S). 

Proposition 1.9 (Kj, Tgf) is a complete topological ring. 

Proof. It follows from the completude of algebras Q {yt) and Q (O) (see IH) and from the fact that K / is the 
ring of the constants of such algebras. □ 

Proposition 1.10 (K/, Tg/) is not: 

(i) a K-topological vector space; 

(m) separable; 

{in) locally compact. 

2 Algebraic properties of K j 

In this section we study some algebraic properties of K/. X stand for the topological closure of the set X 
(except in the notation K/). We start with the following: 
Lemma 2.1 

{i) xe Bi iffY{x) > 0. 

(m) IfxCz Bi, then the following statements hold: 
(a) a;«0; 

{h) D{l,x) = 111 - a;|l > 1. Hence 1 n Bi{l) = (1),B[d Bi and B[ ^Bi. 

Proposition 2.2 Let {a„}„gN be any sequence in K and let x G Bi. Then the series ^ a„a;" converges in 

n>0 

K.f. In particular ^ x" converges and we have {1 — x) { ^'M = 1- Therefore (1 — a;) G Inv(Ky). 

n>0 \n>0 J 

Proof. The proof is standard an left for the reader. □ 
Corollary 2.3 Inv(K/) C K/ is open. 

Proof. We need to prove that for all a G Inv(K/) there exists r > such that Br{a) C Inv(K/). Let 
a G Inv(K/), defines r := ||a^-'-||~-'- and let z G Br{a). Then ||a^-'-(z — a)\\ < ||a^-'-||||z — a\\ < r^^r — 1. 
Therefore ||a^^(z — a)|| < 1 and hence, by Proposition |22] we have that (1 — a^^{a — z)) G Inv(K/). Since 
z — a{l — a^^{a — z)) it follows that z G Inv(K/). □ 

Theorem 2.4 Let 3 be a proper ideal ofKf. Then for each x d 3 we have that D{1, x) > 1 and -D(l, J) — 1. 
Hence every maximal ideal ofM^f is closed and thus it is also a rare set. 

Proof. If X e 3 then x ^ Inv(K/) and so D{l,x) = ||1 - a;|| > 1. If D{l,x) = ||1 - a;|| < 1 then, from 
Proposition l2.2l we have that 1 — (1 — x) — x E Inv(K/), a contradiction. Since D{1,0) = ||1|| = 1, the first 
part is proved. If m is a maximal ideal of K/ then, from the first part, we have that 1 ^ m and we are done. □ 

Lemma 2.5 



{i) G Inv(K/). 

(m) For each x G K/, ifr — — V(a;), then y = OLrX G 5*1, i.e., — 1. 
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[Hi) Ifx e Inv(K/), then Y{x) + V(x"i) < 0. 

Proof. The proof is as in 

Another results that is analogous to one of f4] is 
Proposition 2.6 



□ 



(i) does not have proper open ideals. 



(m) No topological Kf-modules have proper open submodules. 



(Hi) If X is a Hausdorff topological Kf -modules then for all x £ X, x ^ 0, the set 



Inv(K/).a; := {Aa;|A G Inv(K/)} 



is not abounded set. 'Whence, Inv(K/) is not abounded subset of 



[iv) A given B dKf is bounded iff B is D-bounded. 

(v) The only -topological module which is bounded is {0}. Whence, the only 'Kf -topological module which 
is compact is {0} 

Tlieorem 2.7 Let m be a maximal ideal ofKf and L := K^/m. Then K can be identified with a proper 
subfield of L, i.e., L is a proper field extension q/K. 

Proof. We follows the proof of f4l. Let tt : K/ ^ L := K//m be the canonic application. Then k := 
7r(K) ~ K. In fact, if L — k, then K/ = K + m. But K is a discrete subset of Ky and hence, from Theorem 
I2.4l and the Proposition l2.6l (i). it follows immediately that m U K is a closed set with empty interior. Thus, there 
exists X E Bi, such that a; ^ m U K. Write x — k^ — rrix, where k^ £ and nix E m. Obviously k^ 
and hence rrix — k^ — x = kx{l — k^^x). Indeed, (1 — k~^x) — k^^mx E m and so (1 — k^^x) E m. Since 
||fcjr^.T|| = ||a;|| < 1, it follows that TOa; is a unit, a contradiction. □ 

Lemma 2.8 Let Ri, i?2 be positive real numbers and set r :— ln(i?i) — ln(i?2)- Then ctr.SR-^ — Su^. In 
particular, ifx E K/ \ {0} and r = — Y{x) then drX E Si. 

Proof. This is an immediate consequence of Corollary[L8](iw). □ 

Another easily deducible fact is that K / has no non-zero nilpotent elements and hence its nil-radical is trivial. 
Consequently K/ is contained in a product of integral domains. 

3 Characteristic functions 

In this section we study the group of the units of the ring of Colombeau's full generalized numbers K/, as well 
as its prime and maximal ideals. The crucial step in this study is to make a careful analysis of the set of zeros of 
a representative of an element of K/. Using this we study some special type of characteristic functions showing 
that they are related with the prime and maximal ideals of K/. One of the main consequence of this analysis is 
that the set of the unit group of K/ is open and dense in the sharp topology. The new feature here is the density 
since we have already proved it to be open. The idea behind the proof is closely related to Aragona and Juriaans 
paper (f4l). However there is a crucial difference. 

It is useful for the reader to recall the definition of the sets S and P*(5/) defined in H (Definition 4.1 pg. 
2217). We will use this notation in what follows. For A C ^o(IK) let A'^ be its complement in Ao (K) and denote 
by Xa the characteristic function of A with domain ^o(IK), i.e.. 



This is clearly a moderate function. Its class in K/ is denoted by Xa and still called the characteristic function 
of Ac 




1, se (p E A 

0, ss ip ^ A, i.e.. If E A". 
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Definition 3.1 Define 

Sf := {A C Ao{K)\\/pe N,3lp e Ap{K) such that {e\ipe e A} e S}, 

where 5 :== {5 C /|0 £ S'n S^}. 
Proposition 3.2 

{i) AeSf ^ A" e Sf. 

(a) A e Sf => l!) ^ AnAp{K) g Ap{K), Vp e N. In particular, we have AnAp{K) ^ i!) and A^nApiK) ^ 
for all peN. 

Proof. («) Indeed, if A G Sf, then for all p S N there exists (p S ApQK.) such that {e\ipe E A} E S. Thus, 
from (Proposition 4.2 item b pg. 2217 of |4|), we have that {e\ipe € A}" e S; but {e\ipe G AY = {e\ipe ^ 
A} = {e\ipe e A''} and therefore {e\ipe £ A''} e S. Hence for all p e N there exists ip G Ap{K) such that 
{e\ipe e A"} e S and, therefore. A'' e Sf. Reciprocally, if A" e Sf, then A = (A")" e Sf. 

[a) If A e Sf, then for all p e N, there exists Lp e yip(K) such that the set A^ := {e\Lpe e A} e S. 
As {ips\e e A^} C Ap{K) and {ip^le e A^} C A,it follows that A n Ap{K) ^ 0. We now prove that 
A n Ap{K) C Ap{K). That it is contained is obvious. Now that A n Ap{K) ^ ^p(K) follows from the fact 
that {•p^\e e A%} C ylp(K) and {(^^k e A^} C e 5/. This impHes that A= n yip(K) 7^ 0. Hence, 

Anylp(K) c ^p(K). □ 

We have the following obvious result. 

Proposition 3.3 Let A e Sf. Then Ami(A:'^) = K/<Yac andKf = Ami(A'yi) ® Ann(A'^c). Moreover, for 
each prime ideal p ofM^f we have that either Xa or Xa" = 1 ~ belongs to p. 
Notation 3.4 In what follows the symbol P{Sf) denotes the set of all subsets of Sf. 
Definition 3.5 We denote by P^{Sf) the set of all T G P{Sf) verifying the following conditions: 

(i) For every A G Sf, either A or A'^ belongs to T but not both. 

(a) If A, B then AU B e T. 

The second condition says that T is stable under finite union. The following proposition enumerates some 
properties of the functions Xa. 

Proposition 3.6 

(i) If A e Sf then Xa e 5*1. 

(m) If a, B Cz A ^ B and Xa ^ Xb then d{XA, Xb) = \\Xa — Xb\\ = 1. Hence the topology ofRf does 
not have an enumerable base. 

{in) If A e Sf then <Ya e K/ \ {0, 1} and Xa = X\. 

{iv) {1-Xa)Xa = Q. 

Proof, (i) To show that \\Xa\\ = 1 observe that a^r ~ ^ r < 0. (see 12) Thus, if r e ^{Xa) 
(see Definition 1 1.4b . then a^r'^A ~ and, therefore, d_r ~ and so A{Xa) =] — 00, 0[. Hence \\Xa\\ = 

g-ViXA) ^ ^-sup{A{Xa)) ^ gO ^ 2. 

(m) Let r E A{Xa — Xb). Then a^ri^A — ^^b) ~ 0. As Xa 7^ Xb it follows that ct-r ~ and 
A{Xa - Xb) =] - 00, 0[. Hence, \\Xa - Xb\\ - ^(A'^-'I^b) ^ ^- snp[A(XA-Xs)) ^ e" = 1. 

The [Hi) and [iv) are obvious. □ 

Definition 3.7 For T G let gf{P) ■= {{Xa\A E JF}) be the ideal ofKf generated by the set of the 

characteristic functions of A with A E !F. 

The following is an easy to result. 

Lemma 3.8 If T E P*{Sf) and A,B E T then XAnB,XAuB e Qfi^)- 
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Lemma 3.9 If T e P^{Sf) then gf{J-) is a proper ideal ofKf, i.e., gf{J-) ^ K/. 

Proof. Assume that gf{J-) = K/. Then there exists e and e JF, « = 1, 2, . . . , n such that 1 = 
ELi a*-^^. ■ We define A U Li Then A(K) ^ ^ e and = 1, 2, . . . , n A-^. • A"^ = A-^.nA = ^A. ■ 
Muhiplying both members of the former equation by A'a, we obtain A'yi = '}Z^=iO-i'^Ai-'^A = Sr=i '^'•^^i ~ 
Hence [Xa - 1) G AO'(K). It follows that 3peN, 37er such that V(7>peV(^e ylg(K) (3 C = > 
0, 3 77 = 77^ > 0) such that |1 - XA{'^e)\ < Ce'^^''^"^, V < e < r;. But A e J" C and so, for this (p, 

{elfe £ A} e S ^ £ {elfe & A} n {e\ip^ S A'^}, i.e., there exists a sequence {e„}„gN converging to zero 
when 71 ^ 00 such that (/j^,^ G It now follows that 1 = |1 - XA{ipeJ\ < C(e„)T(«)-P. As 7 is divergent, 
we can choose (70 G N such that jiqo) — p > 0. Thus, we have 1 < C{en)'^'^''°^~P — > 0, a contradiction. 

n ^00 

Therefore, gf{T) ^Kf. □ 

Theorem 3.10 Let p be a prime ideal o/K/. Then there exists a unique Tp G such that gf{J-p) C p. 

In particular, P^(Sf) 7^ 0. 

Proof. The proof is similar to that given in H . □ 

Theorem 13. 101 associates with each prime ideal p of K/ a set JFp G _P»(5/) characterized by the inclusion 

9fi^p) C p. _ 

In what follows gf{T), where T £ denotes the Ts/-closure of gf{J-) in K/. 

Definition 3.11 Let x £ and x one of its representative. We define Z{x) :~ {(p £ Aa{^)\x{ip) = 0}, the 
set of zeros of the representative x of x. 

Lemma 3.12 Let x £ Kj \ {0} and J- £ P<t{Sf). Then the following statements are equivalents: 
(i) x £ gf{T). 

(a) There exists A £ T such that xXa = x. 

Proof, (i) [ii): If a; € gf{!F), then there exists Ai, A2, . . . , An £ T and ai, a2, . . . , a„ £ such that 
X = X]r=i '^i'^^Ai - Definition [53] (ii) tells us that that A := lJi"=i G and since Ai C A, V i = 1, 2, . . . , 
it follows that Xa^ ■ Xa = Xa^- Hence xXa = (LLi ai-^Aj -^A = YJI=\'k^i'^ Ai)X a = YTt^i atiXA^XA) = 
X]r=i '^i'^Ai — X. Therefore, xXa = x and A £ T. 

{ii) (i): If A £ T and (see ||2l) xXa = x, then x £ gf{^)- Therefore there exists A £ T and x £ Kf 
such that X = xXa, where Xa £ gf{^)- CH 

Theorem 3.13 

(i) X £ Inv(Ky) if and only if Z{x) ^ Sf,\/ representative x of x. 

(ii) X ^ Inv(K/) if and only if 3 e £ K^, — e such that x ■ e — 0. In particular, if x £ 'Kf \ {0} and 
X ^ Inv(Ky), then x is a zero divisor 

Proof. («) Suppose by contradiction that x £ Inv(IK/) and that Z{x) £ Sf for some representative x of x. 
Then, by Proposition 13. 61 (Hi), we have that Xz(x) ^ {0, 1}. Thus Xz{x) 7^ but xXz(x) ~ and hence a: is a 
zero divisor, a contradiction. 

To prove the converse it is enough to show (ii). 

(ii) We will show that if a; ^ Inv(K/), then a; is a zero divisor. In fact let a; be a representative of x. We 
consider two cases: 



(a) Z{x) £ Sf. 

(b) Z{x) i Sf. 
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(a) If Z{x) £ Sf then, by Proposition l3.6l (zM). we have that Xz{x) ^ and since xXz(x) = we have that x 

is azero divisor. (6) If Z(a;) ^ 5/ define = I ^('^)' ,i.e., x* — xXzix)"- T^sn x* {(p) ^ 

for some ip E Aq{K) and {x* — x) G Aff{K). So we may substitute x by x* and assume that x{(p) ^ 0. 

Since x ^ Inv(]K/) it follows that ^ ^ £f (K) and hence, by definitionO V _p G N, 3 e Ap{K) such that V C 
> 0, V ry = 77(p > 0, 3 < Sq < rj such that IjliySeo)! > ^^o^- Taking C — n, 77 = i, we have that there 



exists < e„ < i such that 

■ 1 



x 



For this ip we define the set Ap{(pp) G N} and let B {{'Pp)e„\^n S Ap{ipp)}. Then B e Sf, i.e., 

y p E N, exists ipp G Ap{K) tal que {Sn\{'Pp)e„ ^ B} G S. Indeed, it is enough to show that {Sn\{'Pp)e„ G 
B} e 5. For that is enough to notice that Ap{(pp) — {en\{'Pp)e„ G B} and therefore ^ Ap(93p) n /,,=i/2 7^ 
-fr,=i/2 because lim„^oo £n < lim„^oo ^ = 0. 

We now show that xXb G -^fO^}- Definition 11.21 tells us that we need to prove that 3 p G N 3 7 G 
r tal que V g > p, V G Aq{K) 3C ^ C{ip) > 0, 3 7/ ^ r]{ip) > tal que \xXBi(Pe)\ < Ce'^'^'^P, V < 
e < rj. In fact, taking p = and -/{q) = q we have that < Ce"^ < 1 for small e. Therefore, 

xXseMfiK). □ 

Definition 3.14 For x e £f{K) andaeN define 
(z) Naix) G AniK}\\x{^)\ < aa{^)}; 

(m) Xa^x '■— <^Ar„(2:) ^ -^a.a: -^AfaCx)- 

Lemma 3.15 If A C ^o(]K) f/ie« Xa G A/'/(K) i/onii /nZy if 3t : .4o(K) ^]0, 1] such that for all ip G .4q(K) 
we have that It(ip) Q {^I'Pe ^ A^}. 

Proof. We have that Xa G AO-(K) if and only if3pGN, 37Gr such that 'i q> p, \f -p E Aq{K) 3 C = 
> 0, 3 rj = rjtp > Q such that < Ce'''*^'?-'^^, V < e < 77. As 7 is divergent, one can choose q such 

that 7(g) — p > 2. Now choose e such that < e < t{p) < t] — j]^ and Ce^'^'^^^''' < 1. Under these conditions 
we have that |A'A(</3e)| < I ^ XAi^Pe) = ^ p>e & A" ^ We\£ < t{p)} C A", i.e, {v?e|£ G /r(v)} Q A" or 
equivalently C {e\pi; G A'^}. □ 

Lemma 3.16 

{i) = 1, V a G N #x G AA/(K). 

(m) A'^tj^) = 0, V a G N #x G Inv(K/). 

Proof, (i) Take p = and 7 : N ^ N, 7(g) = q. We have that XNg{x) = 1 if and only if A'(7Vg(x))<= = 
1 - A'Arg(K) G A/'/(K) and, by Lemma [TTSl there exists t : Ao{K) -^]0, 1] such that Vi^ G Aq{K) C 
{e\pe G i-e., \x{pe)\ < ctqi^Pe) = V < e < t{p). So if we setting C = = {i{p))'' > 

0, r? = 77^ = t{p) > we get |a;((^e)| < (i(<p))'e'^ = Ce''*'^^"^, V < e < 7/(^). 

Item (m) can be proved in a similar way. □ 

Proposition 3.17 Let x G Ky, (a; 7^ 0) fee a non-unit. Then there exists a G N such that S — Na{x) G Sf 
and \xXs\ < eta- 

Proof. In the prove x will stand for a representative. Suppose that Va G N is we have that S :— Na{x) ^ 
Sf. Then either X^^^f^^j G A//(K) or A'(jv„(a;))<= ^ -^fi^)- f^^t, if A'7v„(j,) G Aff{K) then, by Lemma 
13.151 there exists t : Ao(K) -^]0, 1] such that Vi^ G Aq{K) we have that /^(^) C {ejc^^ g {Naix)^}. It 
follows from Definition 13. 141 that > aa{Pe) = (»(</'))°£°, VO < e < t{p) and therefore < 

{i{p))^"'e^"', V < e < r((/3). This impUes that i G f j^(K) and, since x^ — 1, follows that a; is a unit. 
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a contradiction. On the other hand if A'(7v„(2;))<^ G -^fi^) then, since A'(7v„(2;))<: = 1 — Xn^{x), it follows that 
-^Naix) = 1, V a e N and hence, from Lemma|3?T6](j), it follows that x G A//(K), a contradiction. It follows 
that there must exist an a e N such that Na{x) £ Sf. 

The last affirmation follows immediately of the definition of S. □ 

The follow result is fundamental in proving many other results. Sometimes we shall refer to it as the Approx- 
imation Theorem. 

Theorem 3.18 Let x G K/, {x ^ 0) be a non-unit. Then only one of the following conditions holds: 
(a) There exists S £ Sf and a G N such that 

{{) xXs = 0; 

[a) \xXs<i I > diaXgc (i.e., there exists x representative of x such that \x{(f)\ > aa{^), V G ^o(IK)). 
(6) There exist sequences {a„}„gN C N and C Sf such that 

(i) Sn D Sn+1, CLn < ttn+i and lim a„ ~ oo; 

n — >oo 

(a) xXs„ — > 0; 
(in) \xXsJ < aa„. 

Proof. Suppose that x does not satisfy (a). We will show that condition (b) holds. As a; G \ {0} and 
X ^ Inv(K/) it follows, from Proposition [TT3 that exists ai G N such that if Si :— Na^ (x), then 5*1 G Sf and 
\xXsi I < ciai- Let X2 — xXsi- If X2 = 0, then xXs^ = and so (a) (i) holds. From Definition 13 . 1 41 we also 
have that |a;A:5c| > cta^Xs^, i.e., (a) (ii) holds and hence x it satisfies (a), contrary to our assumption. So we 
have that X2 ^ 0. 

X2XS1 = with 5*1 G Sf and hence X2 it is a non-trivial zero divisor and so is a non-unit. This allows us to 
proceed by induction. For completeness we show how to accomplish the inductive step: There exists Un+i G N 
such that if ^„+i := A^a,.+i (a;„+i), then ^„+i G Sf and \xn+iXg^^_^ \ < Ua^^i => k'^5„n5„+il < "<i,.+i- Let 
Sn+i ■= Sn n ^,1+1. Then Sn+i C Sn £ Sf and so Sn+i G Sf and \xXs^^i \ < cta^+i - Definition [TTl] tells us 
that 

aa„+i < \xn+iXga^J = I^'^s„ns-+J = l^-^s^+J' 

therefore Sf^_^_i C 5„. In fact, if G ^f^+i, then aa„^i{(p) < |a;„+i (</?)! — \x{(p)Xs,^{tp)\ and since aa„+i = 
> we have that \x{ip)Xs^ > Xs^ ^ 0, i.e., Xs„ = 1 G Sn hence S^j^^ C Sn 
and Sn n ^fj+i = Sn_^_i. Now V(/3 G ^f^+i C Sn we have, from|2l that 

aa^ + lif) < \Xn+l{<fi)\ = \x{(p)\ < aa^i'P)- 

From there, we have that da„+i (<<2) < oia„ {^), ^ (fi E Sn^i which implies that 

(zMr"+^ <(*Mr", y^es:,^,. 

Hence a„ < a„+i for some Lp G S'fj+i such that < i{(p) < 1. Such cp G 5','i-|_i it always exists, therefore 

sUi^SfE 

In this way we construct sequences {S'„},igN and {a„}„gN satisfying conditions (i) and (in). We now show 
that condition (ii) also holds: from (in) it follows that for each n G N, | (aj^Ys,, )(</?) | < aa„{f), V G -4o(K) 
and hence ||a;A's„|| < ||aaj| = e""" — > 0. □ 

n — 'CxD 

Theorem 3.19 x G Inv(K/) if and only if there are r > 0, t : .4o(K) ^]0, 1] such that \x{ip^)\ > 
ar{ipe)i V < e < T{ip), where x is a representative of x. 



' In fact, it takes ip G 5^_|_j, then i(i/'e) = £i(<p) and {£|i/5e: € 3'^^^ } G <S, therefore exists eg such that ip^g g ^n+l ^(Veo ) < -t' 
i.e., eoi{f) < 1, pois ^(ve) = ^ when e — » 0. 
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Proof. Suppose that x E Inv(K). Then, from Lemma [3.161 we have that Xn^(^) — 0, V q E N, i.e., 
^Ng{x) G Aff. Lemma [3.151 implies that there exists t : Ao{^) ^]0, 1] such that \/(p e Aq(K} we have 
Ir{^) C {e|(/3e e {Nq{x)Y}. Thus, from Definition [1141 it follows that \x{ipe)\ > ag{ipe), V < e < T{ip), 
where i is a representative of x. Hence we may take q = r. 

Conversely, if there exists r > 0, r : .Ao(K) ^]0, 1] such that 

\x{(Pe)\ > arife), VO < £ < r((p), 

then 

|i(<Pe)| > (^Hre^ VO<e<r(^) 

and hence 

^ < (i((^))-"£-", VO<e<T(^). 



We assert that l/x e Sj^K): taking p = r > 0, C = C{ip) = {i{ip)yp > and ry = ry(<^) = T{ip) > to 

get 

^ < (iM)""£"' = Ce-P, V < £ < t((^). 



Therefore a; G Inv(K/). □ 

Lemma 3.20 Let x G K/, (x 0) Z^e a non-unit. Then there exists a G N 5mc/! that y := x{l — A'jy^^^)) + 
^N^x) e Inv(K/). 

Proof. By Proposition 13.171 there exists a G N such that Na{x) G Sf hence A7v„(£) ^ {0, 1}. Define 
y := i(l — '^Ar„(j)) + '^Ar„(£). Then we see easily that the class of y defines a unit. □ 

Theorem 3.21 Let a; G Ky, (x ^ 0) be non-unit. Then there exists a maximal ideal m ofKf such that x ^ m. 
Hence the Jacobson radical Rad(Ky) = {0}. 

Proof. By Lemma r3.20l there exists a G N such that y = x{l — Ajv„(a)) + Xn^(x) G Inv(K/). As 
^Nai'x) ^ {0, 1}, '%jVa(x) ^ In.v(K/) and K/ is a ring with unit, there exists a maximal ideal m <i Kj such 
that G m. We shall prove that x ^ m: if a; G m, then a;A'(Ar_^(£))c — x{l — A:jv„(s)) € m hence 

y = x{l — A'jv^(£)) + Xj^^i^j.^ G mPl Inv(K/), a contradiction. □ 

We can now state the main result of this section which completely describes the maximal ideals of and 
shows that the unit group is dense and open. 

Theorem 3.22 



(1) Let m C be an ideal. Then m is maximal if and only ifm = gf{!Fm)- 

(2) Inv(Kj) is an open and dense subset ofM^f. 

Proof. (1) (^) Suppose that m is a maximal ideal of Ky. Then m is a prime ideal of K/ and from the 
Theorem of the approach there exists only = !Fm such that gf{T) C m. Let a; G m \gf{!F). We now construct 
a sequence {x„}neN in gf{^) such that Xn — » x in K/ . For this we show that x satisfies the condition (6) of 

n — >oc 

the Theorem of the Approach. Indeed, if x does not satisfy condition (b) of the Theorem of the approach then, 
has been that x it satisfies the condition (a) of the Theorem of the approach, i.e., there exists S G Sf and a G N 
such that 

(i) xXs = 0; 



{a) IxXs-^l > CXaXs-^ 
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One remembers that this S is accurately Na{x). Suppose that S E T. Then 

Xs e 9fi^) C m ^ A's e m. 

Thus, 

y x{l -Xs)+Xsem 
which is nonsense. Therefore from Lemma D.20l t; is invertible. Now, assume that S'^ G JF. Then 

Xs^^{l--Xs)egf{T) 

and from (a) part {i) xXs = of Theorem of the approach it follows that 

xXso = x{l - Xs) = X e gf{T) 

which is nonsense. Therefore, hypothecally, x ^ gf{^)- Hence, we conclude that x cannot satisfy condition (a) 
of the Theorem of the Approach and, therefore, x satisfies condition (6) of the Theorem of the Approach, i.e., 
there exists sequences {a„} C N and C Sf such that 

(«) Sn 3 Sn+i, a„ < a„+i and 

lim a„ = oo; 

n — *oo 

(ii) xXs„ — > 0; 
(Hi) \xXsJ < aa„ 

We affirm that Sf^ G J- . Indeed, if this will not be the case, then SnG T end therefore, 

^s^ e gf{T) c m Xs^ e m 

and once again we would have that 

y = x{\ - Xs^) ^ Xs^ era 

which is nonsense. Therefore from Lemma [3^201 v £ Inv(K/). Thus, 5*,^^ G which implies Xs^ E 9f{^)- 
However Xs^ = 1 — Xs„ , hence 

Xn = xXsc = X — xXs^ 

is a sequence in gf{T) such that a;„ — > x, since from {ii) of (6) of the Theorem of the approach we have 

n — >oo 

that xXs,^ — > 0. Hence, m = gf{Tm)- (^) From Lemma 1X91 af(^) is a proper ideal of K/- and, therefore, 

g f {J-) C m for some maximal ideal m of . More still, for the Theorem of the approach we have that T = Tm 
and the conclusion comes immediately from necessary condition. 

(2) We know of the Corollarv 12.31 that Inv(K/) it is an open subset of K/, hence, it remains to show that 
Inv(K/) is a subset dense of K/. That is, all element x E Kj is limit of some sequence of elements of Inv(K/). 
For the Lemma l23] (i). we have that € Ky is limit of a sequence in Inv(%)B It is enough then to study the 
case where x E K/ \ {0} and x ^ Inv(Ky), therefore if x G Inv(K/) we take the sequence constant. For the 
Theorem of the da Approach x it satisfies (a) or x it satisfies (b). In each one of the cases we go to construct 
sequences in Inv(K/) that they are Tj/ -convergent the x. Initially let us assume that x it satisfies (a) and defines 

Xn := a;(l - Xs) + d„A's. 
We go to show that .t„ E Inv(Kf ), V ri e N and that a;„ — > x. Indeed, for the item (i) of (a), we have that 

n — >oo 

Xn — X + CtnXs, pois xXs — 0. 
^ See the sequence {dn}neN in Inv(Kj^) ttiat is r^y -convergent the zero. 
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Now remeber that S = Na (x) and 

rr (,n\ - / ^("^^ + an(<^), se G 5 

we have that 

NnlV')! > ani^p), V e V 71 e N. 
For the Theorem l3.19l a;„ G Inv(K/), V n G N, i.e., {xn}neN is a sequence in Inv(K/). Now, as 

Xji X -\- 

follows that 

Xn X — (y^Pt^g . 

Hence for the pelo Corollary [L8] (it"), we have that 
i.e.. 



and as e " — > follows that \\xn — x\\ — > what it implies x„ — > x. Finally, let us assume that x 

n — >oo n — ^cxD n — ^cjo 

satisfies the condition (6) and defines 

Xn ■■= X{1 - XsJ + aa„Xs„. 

We go to show that x„ G Inv(K/), V n G N and that .t„ — > x. Indeed, 



X 



Recalling that in the demonstration of the Theorem of the approach 5„ = Na„ (x), we have that 

\xn{v)\ > aa,Sv), V.^, Vn G N. 
And, one more time, for the Theorem |3.19l come x„ G Inv(K/), V n G N. Since 

Xn ^ X - xXs^ + Ola^Xs^ 

foUows that 

||a;n-a;|| = \\aa„Xs„ - xXs^\\ 

< \\aa,,Xs„ + xXs„ II (for the Corollary[r8](«)' we have that) 

< max{ 1 1 aa„ Xs„ \\,\\ xXs^ \ \ } (for the Corollarv ll.81 (iv), we have that) 

= max{e"''", llxA'g^ll}. 

But for itens (i) and (m) of (6), we have that maxje^"", ||a;A5,J|} — > =^ ||a;„ — a;|| — > Ohencex„ — > x. 
This sample our assertive one. □ 

4 Algebraic Properties of 

In this section we introduce a partial order in M/ the ring of the Colombeau's full generalized numbers (on E) 
which we shall prove induces a total order in every residualy class field. The base for this section is the works 
of Aragona, Juriaans, Oliveira and Scarpalezos fSl and Aragona, Fernandez and Juriaans (2l| who developed 
research, mostly related to the ring of Colombeau's simplified generalized numbers K (where K is M or C). 
Actually we prove a stronger result which will allow us to prove, in the next sub-section, that Kf contains 
minimal prime ideals. Before we go on we define some conventions. 

Notation 4.1 If J-' G P*(5/) then gf^{!F) denotes the ideal ofRf generated by the characteristic functions 
of elements of T and gf{T) the ideal ofCf generated by the same function (see Section[3]l. 
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4.1 Relation of the order on M/ 

The Lemma below from Aragona, Fernandez and Juriaans f2\ is the base for the order definition. 
Lemma 4.2 For all x CzRf the following statements are equivalent: 

(i) Every representative x of x satisfies the condition 

3 N e N tal queV b > OW (fi G ^Ar(IK) 3 

rj = ri{b, (p) £ I tal que x{i^e) > — V e £ I,^. 

(ii) There exists a representative x of x such that x satisfying (*). 

(Hi) There exists a representative of x such that x^{ip) > 0, V (yS G .4o(K). 

(iv) There exists N Cz N and a representative x, of x such that x^ {ip) > 0, V (yS G ^jv (IK). 

Proof. See □ 

Definition 4.3 An element x G M/ is said to be non-negative, quasi-positive or q-positive, if it has a repre- 
sentative satisfying one of the conditions of the Lemma \4~2\ We shall denote this by x > 0. We shall also define 
X to be non-positive, quasi-negative or q-negative if —x is q-positive and we denote this by x < 0. If y € is 
another element then we write x < y (resp. x > y) if y — x (resp. x — y) is q-positive. 

Remark 4.4 This definition is not a total order in M y. To see this note that 

x{ip) = ai{ip)sin{a-i{ip)), V G Ao(K) 

gives to an element which is neither q-positive nor q-negative. It does however define a partial order such that 
the sum and product of q-positive elements are q-positive. 

For every x G K/, if x is a representative of x, the function |x| : ^+ defined by |x|((y9) = |i(<y5)| is of 

course a moderate function and |x| :— cl[|x|] is independent of the representative x of x. This Colombeau's full 
generalized number is called the absolute value of x. Hence we have the natural aplication 

X G K/ |x| G M/+. 

Definition 4.5 Let x G M/. Then x+ := '^^^^ and x^ :~ ^ are respectively called the q-positive and 
q-negative parts of x. 

Note that x+ and x^ depend only on x. 

Definition 4.6 For a given u G (K.) we define the next functions 9^ ■ .4o(K) K such that Ouif) = 

exp^—i Arg{u{(p))) and 0^^ : Ao{K.) :— > K such that9^^{ip) = cxp(i Arg(M((y5))), where Arg(u((p)) denote 
the argument of u{ip) G K, with the convention that Arg(O) := 0. 

In the case K = M the images of 6u and are contained in {—1, 1}. It is also clear that these are moderate 
functions and inverses of each other Moreover, we have u{ip)9u{(p) = \u{(p)\, V (p £ .4o(K). Therefore, if we 
denote for |u|(<y5) := |it(<y5)|, y (fi € Aq{K), we can to write u9u ~ \u\ and, therefore, |u| G (R). 

Definition 4.7 For a given u G £j^^(K) we defined 0„ — cl[0„] and 9^^ = cl[6'j7^] 

Since 6„6^^ = 1 = 6^^9„ we have that they are units. Note however that these functions depend on the 
representative. The following proposition is easily proved. 

Proposition 4.8 Letx,y G M/. Then: 
(i) X = x+ iff X — \x\ iffx is q-positive. 
(ii) X = x~ iffx = — |x| iff X is q-negative. 

(Hi) (— .x)+ ~ ^i^^) £ (^2;)^ = — (x+). 

{iv) |x| > < x+, x~ < > -x+, I - x| = |x| e |x| > x. 
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(v) \x + y\ < \x\ + \y\, \\x\ — \y\\ < \x — y\ (triangular inequality), 

(vi) Ifx < y and —x < y, then \x\ < y. 

(vii) x^ = X ( ) cind x~ = x {^—^)- 

(viii) If A = {if €z Ao(K)\x{ip) > 0} then x^ = xXa and x" — xXa"- 

Remark 4.9 Note that if z e C/ then |2;|>0 and so we may apply Proposition \4.8\ where possible. 

In particular, the triangular inequalities hold in this context. 

Proposition 4.10 (Convexity of ideals) Let Z be an ideal ofKf and x,y £ K/. Then: 
[i) a; e 3 if and only if \x\ g 3- 
(m) Ifx G -3 and \y\ < \x\ then y € Z- 
[Hi) IfK = M and < y < x then y ^ Z- 

Proof. (?;) If .X e Z, then = xQx £ Z- Therefore 3 is an ideal. Reciprocally, if e Z, then |x| = xQ^ G 
-3. Now, since G Inv(K/) follows that x = \x\Q^^ G Z, i-c, x G 3. 

(ii) If \y\ = \x\, then from (i), \x\ G 3. Therefore x £ Z hence \y\ G 3 and from the reciprocal of (i) it 
follows that y G Z- Now, if \y\ < \x\, then 7^ 0. Therefore if |a;| = 0, then \y\ < which is nonsense. 
Therefore \y\ > 0. Let u — Then \y\ — u\x\ G 3. Therefore from (i) \x\ G 3 (x G 0) and 3 is a ideal of K/. 
Once again, from the reciprocal one of (i), we have that y E 

(Hi) Follows from (ii) and Proposition l4.8l □ 

Remark 4.11 If z £ Cf then it is clear that we may write z ~ x + iy, with x,y £ M/, where i is the 
class of the constant function \/— 1. We define ^e{z) :— x and 3m(z) := y, the real and imaginary part of 
z, respectively. Clearly, if z — x + ^/—ly is a representative of z then x and y are representatives of x and y, 
respectively. It is also clear that C is a M.-module and that the maps JRe, : C/ — > IR/ are M f-epimorphisms. 
Hence ifZ <iCf is an ideal then its image by these epimorphisms are ideals ideals q/M f and it is easily seen that 
they coincide; it will be denoted by Zr cmd called the real part ofZ- We have by Proposition \4.1CA that Zr C Z- 

Note that the involutions c : C ^ C defines by c{z) = z extends to an involution C/— >C/ofC/. We shall 
call this involution conjugation. The following result is clear 

Lemma 4.12 Let Z <i C f be an ideal o/C /. Then: 
(i) Z,- C Z- 

(ii) Z = Zr + "i-Zr o.nd Z is invariant under conjugation. 
{Hi) Zr = -3n M/. 

Corollary 4.13 Let £ P*{Sf). Then: 
[i) gf^{J^) is the real part of gf{J-) (see Definition \3.7h 
(ii) If z G C/ then z £ gf{J-) if and only if\z\ £ gf\.{J^). 

Lemma 4.14 Let T £ P^iSf) and x,y £ M/. Then the following hold: 
(i) If{x -y) £ gf.^{^) andx- £ gf^{T) then y^ £ gf.^{T). 
(ii) The part x^ or x^ of x belongs to gf^{^)- 
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Proof, (i) We have from Proposition 14. 8 1 item {v) that 




- \x\ _ y ~ \y\ 
2 2 



= - \x\ - y + \y\\ 
< \x-y\, 



i.e., ||a;^ — y^ll < — Since (x — v) € Of JJ-'). it follows from Proposition l4.10l item (m) that — G 
gf^{J-) and from the reciprocal of I4.10l item [i) we have that x~ — y~ e gf,^{^) and since e 9fri-^) 
follows that G 

(n) We can assume here that x is q-positive and non q-negative hence, x has a representative x such that 
6x ^ {±1} what it means that if A := {tp £ y^o(IK)|0£ = 1}, then A or A'^ belongs in T and the result follows 
from Proposition l4~8] item (viii). □ 

Definition 4.15 Let a e My / gf^{J^) be given. We say that a is non-negative, a > 0, if a has a representative 
a € M/ such that the part negative, , belongs to G gf^{J-). 

Definition l4.15l gives rise to ordering in the traditional way. Lemma l4. 14l shows that Definition l4.15l is intrinsic, 
i.e., it does not depend on the representative. The following lemma is easily shown and should be well known. 

Lemma 4.16 Let {A, <) be a commutative unitary partially ordered ring and a, 6 G A Then: 
(i) (^j l£) totally ordered if and only if either a > or —a > 0. 

(m) Ifl^ is <^ total order on A, the nil-radical of A, J^{A), is zero, i.e., A/'(A) ~ and if a, b > ^ ab > 0, 
then A is an integral domain. 

We now come to our main result of this sub-section. 

Theorem 4.17 Let £ P^{Sf). Then (Rf /gf^{J^),<) is a totally ordered ring. 

Proof. The proof is similar that one presented in Q (See Theorem 3.14 pg-8). □ 

4.2 Other algebraic properties of K/ 

We reserve this sub-section to give continuity to the algebraic facts studied in the Section[3]where the maximal 
ideals of K/ were completely described. Now we completely describe the minimal primes and show that Kf is 
not Von Neumann regular. 

Notation 4.18 If A is a commutative unitary ring, we denote by B{A) the set of idempotents of A. Our first 
result describes completely the idempotents ofM^f. 

Theorem 4.19 Let e g Kf be a non-trivial idempotente. Then there exists S £ Sf such that e — Xs- In 
particular, we have that S(K/) is a discrete subset o/Ky. 

Proof. Let e = e(</5) be a representative any of e. Then since = e, it follows that e(l — e) = 0, i.e., 
e(l — e) G A//(K). Hence there exists p G N, 7 G F such that for all q > p and for all G Aq(J&.) there exists 
C = C(v3) > 0, = ri(^) > such that 



Let S = {Naie)Y = {(p & A(K)||e((y5)| > daip)} and w = e - Xs- Then we will go show that u G MfiK). 
Indeed, if m = e — Xs, then for all < e < 77, we have that 



|e(^,)(l - e(^,))| < V < e < r;. 



(3) 




se (p^ G S 
se ifis e S". 
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Indeed, if ip^ e S, then |e((/3e)| > aa{(pe) ~ hence 
1 



< (^((p))-"£-^ VO<£<77, (4) 



observing that |e((y9e)| ^ 0. Therefore e is a non-trivial idempotente. Thus, we have that 

\u{^,)\ = |l-e(^,)| 

= P7^|e(^s)||l-e(^e)| 

< , , |e(yg)(l - e(yg))| (for (O and (IHi, we have that) 

< ((i(v3))-"£-")(Ce'^(«)-P), V < e < ?7 
= C(i((^))"''e^(«)-(f +'^) , V < £ < 77. 

Hence, 

\u{(Pe)\ < Ke'^^'i'^-^, V < e < ?7, (5) 
where K = C{i{ip))-'' > and P = p + a. Now, if (/^^ e 5^ = 7Va(e), V < £ < then 

|e((^,)| < aa{v,) = {i{v)Te'' => \e{^,)\ < (^(^))'^£^ V < £ < r;. (6) 
However, in this case, we have that |u(</Je)| — \e{(p^) \ and from it follows that 

\u{fe)\<{ii^)rs'',yO<s<r,. (7) 

Hence, from (|5]l and (|7]i we have that u E Aff(K) hence, e = Xs, i-e., e = A5. In particular, we have that B{Kf) 
is a discrete subset of K/ . □ 

Definition 4.20 A unitary ring is said to be Von Neumann regular if all its principal ideals are generated by 
an idempotent. 

For our purposes the following is sufficient: 

Proposition 4.21 Let A be a commutative unitary ring and let M{A) be its nil radical. Then every prime 
ideal of A is maximal iff A/J\f{A) is Von Neumann regular. 

Lemma 4.22 Let 7 : .4o(K) ^ M U {+00} be defined as follows: 

_ r if{i{^))-^ i N 

^^^^ - 1 if{m)-^ e N, 

•where p is the smallest prime dividing {i(ip))^^. Let x € such that x{if) = is a representative. 

Then the principal ideal generated by x is not an idempotent ideal. 

Proof. Suppose that 5 — xKf is an ideal idempotente. Then from Theorem |4. 19| there exists S E Sf such 
that = A^K/. From the definition of 7 we have two cases two to analyze: 

(a) 7(5*) is finite; 

(6) 7(5*) is infinite. 

(a) Let 7(5) be finite, a := max{z|z e M n 7(5*)} and let us fix a prime numberp > a. Let also £„ := p^". 
Then £„ — > and ^{(PcJ — p ^ liS), V n e N hence, (p^^^ ^ S, i.e., (p^^^ £ S"^. Now, 



n — >oo 



mn header will be provided by the publisher 



17 



hence xXsi^ ^ 0. Suppose that x E ^ = Xs^f- Then x = yXs for some y e K/. From there, we have that 
= {yXs)Xs<i = xXs<: 7^ which is a contradiction. 

(&) Now, if 7(5') is infinite, then there exists a sequence {£„} C {s\Lpe G that converges to zero when 
n ^ oo such that {7(Ve„)} C N is an increasing and strict divergent sequence. Let us assume that Xs — yx. 
Then 

^sife) - y('Pe)x{(Pe) ^ I - y{iPe)x{(pe) > 0. 

n — yoc 

But since {^{ifien)} is a divergent increasing sequence it follows easily that y cannot be a moderate function, that 
is, y ^ (K) which is a contradiction. 

Of the two contradictions found in the cases (a) and (b) give the result. □ 

From the above we can affirm that Kf is not Von regular Neumann according to Definition l4.20l 

Theorem 4.23 is not Von Neumann regular. In particular, there exists G P^{Sf) such that gf{T) is not 
closed and K / has a prime ideal which is not maximal. 

Proof. We know from Theorem 13 . 2 II that the nil-radical of K/ is null, that is, M{Kf ) — {0}. Therefore, 
from Proposition l4.2 1 1 and Lemma l4.22l follows that K/ is not Von regular Neumann. □ 

Theorem 4.24 For all T G P^{Sf), we have gf{T) is a prime ideal. 

Proof. Initially, let us assume that K = M. We need to show that condition [ii) of Lemma l4.16l is verified. 
Thus, there are a, 6 G My such that a~, 6^ G gf{T). Then 

{ab)- = }-[ab-\a\\b\) 

= \[{a+ + a-){b+ + 6-) - (a+ - a-){b+ b')] 
= a^b^+a^b'^. 

Hence {ab)~ G gf{^)- Therefore a+6~ + a~b'^ G gf{^)- This means that the positive cone is invariant 
for multiplication. Now, let a G M/ such that G gf{J-). From the definition of the ideal gf{T), we have 
that there exists A E T such that a? = o^Xa- Hence, a?XA'= ~ and thus gXa" G J\f(Rf) = 0. Them, 
a = qXa + aXA<: = aXA G gf{J-)- Thus, we are made in this case. To complete the test let us consider the case 
where K = C. Let x, i/ G such that xi/ G gf{^). Then \xy\ = \x\\y\ G M/ r)gf{J-) = gf {T). For the 

first case or \y\ belongs to gf^{T) and from the convexity of ideals it follows the result. □ 

Corollary 4.25 {gf^{J-)\J- G P^{SfY\ is the set of minimal prime ideals ofM.f and {gf{J-)\J- G -P,(iS/)} 
is the set prime ideals o/C /. 
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